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S-PARTS OF SUMS OF TERMS OF LINEAR RECURRENCE
SEQUENCES
S. S. ROUT AND N. K. MEHER
Abstract. Let S = {p1, . . . , ps} be a finite, non-empty set of distinct prime num-
bers and (Un)n≥0 be a linear recurrence sequence of integers of order r. For any
positive integer k, we define (U
(k)
j )j≥1 an increasing sequence composed of integers
of the form Unk + · · · + Un1 , nk > · · · > n1. Under certain assumptions, we prove
that for any ǫ > 0, there exists an integer n0 such that [U
(k)
j ]S <
(
U
(k)
j
)ǫ
, for
j > n0, where [m]S denote the S-part of the positive integer m. On further as-
sumptions on (Un)n≥0, we also compute an effective bound for [U
(k)
j ]S of the form(
U
(k)
j
)1−c
, where c is a positive constant depends only on (Un)n≥0 and S.
1. Introduction
Let S = {p1, . . . , ps} be a finite, non-empty set of distinct prime numbers. For
a positive integer n, we write n = pe11 · · · p
es
s ·M , where e1, . . . , es are non-negative
integers and M is relatively prime to p1, . . . , ps. The S-part [n]S of n is defined as
[n]S = p
e1
1 · · · p
es
s .
Recently, there have been many advances in the study of S-parts of integer poly-
nomials, decomposable forms evaluated at integer points and linear recurrence se-
quences. For example, Stewart [20] proved a non-trivial, computationally effective
upper bounds for [n(n+1) · · · (n+k)]S for any integer k > 0 and this result has been
extended by Gross and Vincent [11] to [f(n)]S for an arbitrary f(x) ∈ Z[x] having at
least two distinct roots. Motivated by the work in [11], Bugeaud, Evertse and Gyo¨ry
[6] proved that if f(x) ∈ Z[x] is a polynomial of degree n ≥ 1 without multiple roots,
then for any δ > 0 and any x ∈ Z with f(x) 6= 0 one has
[f(x)]S ≪f,S,δ (f(x))
1
n
+δ.
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Further, Bugeaud [4] proved that for any base b, there are only finitely many
integers not divisible by b which have a given number of non-zero b-ary digits and
whose prime divisors belong to a given finite set.
In [12], Mahler obtained a non-trivial upper bound for the S-parts of a special family
of binary recurrence sequences (un)n≥0. In fact, using Ridout Theorem [18] (which is
a p-adic extension of Roth theorem), Mahler showed that, if n is large enough, then
[un]S < |un|
ǫ. Mahler also observed that, his result implies that P [un] tends to infinity
as n tends to infinity, where P [m] denotes the largest prime factor of the integer m
with P [0] = P [±1] = 1. Later in [3], Bugeaud and Evertse, extends Mahler’s result
to every non-degenerate recurrence sequence (Un)n≥0 of integers. In particular, using
p-adic Schmidt Subspace Theorem they proved that for every sufficiently large n and
for any ǫ > 0
[Un]S ≤ |Un|
ǫ.
Let (Fn)n≥0 denote the Fibonacci sequence defined by
F0 = 0F1 = 1 and Fn+1 = Fn + Fn−1
for n ≥ 0. Every positive integer N can be written uniquely as a sum
N = ǫℓFℓ + · · ·+ ǫ1F1,
with ǫℓ = 1, ǫj ∈ {0, 1} and ǫjǫj+1 = 0 for j = 1, . . . , ℓ − 1. This representation is
called its Zekendorf representation. In [5], Bugeaud proved that there are only finitely
many integers which have a given number of digits in their Zekendorf representation
and whose prime divisors belong to a given set. Like Zekendorf representation, there
is a well defined representation of any positive integer N in the form
N =
L(N)∑
j=0
ǫj · Uj , (1.1)
where U = (Un)n≥0 is linear recurrence sequence of order r, the so called U -ary
representation of N with digits ǫj. For detail study about such expansion one may
refer [16, 10].
In this paper, we extend the results of Bugeaud and Evertse [3] and Bugeaud [5].
Here we consider a linear recurrence sequences of integers (Un)n≥0 of arbitrary order.
Let k ≥ 1 be a positive integer. We denote by (U
(k)
j )j≥1 the sequence, arranged in
increasing order, of all positive integers which have at most k-digits in their expansions
as in equation (1.1). That is, (U
(k)
j )j≥1 an increasing sequence composed of the
integers of the form
Unk + · · ·+ Un1 , nk > · · · > n1.
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We provide an upper bound for S-parts of the sequence (U
(k)
j )j≥1. First we give
a general ineffective result. Then, under some technical assumptions, we provide an
effective upper bound for S-parts of the sequence (U
(k)
j )j≥1.
2. Notation and main results
For a positive integer r, we define the linear recurrence sequence (Un)n≥0 of order
r as follows:
Un = a1Un−1 + · · ·+ arUn−r (2.1)
where a1, . . . , ar ∈ Z with ar 6= 0 and U0, . . . , Ur−1 are integers not all zero. The
characteristic polynomial of Un is defined by
f(x) := xr − a1x
r−1 − · · · − ar =
t∏
i=1
(x− αi)
mi ∈ Z[X ] (2.2)
where α1, . . . , αt are distinct algebraic numbers and m1, . . . , mt are positive integers.
Then Un (see e.g. Theorem C1 in part C of [19]) has a nice representation of the form
Un =
t∑
i=1
fi(n)α
n
i for all n ≥ 0. (2.3)
Here fi(x) is a polynomial of degree mi − 1 (i = 1, . . . , t) and this representation is
uniquely determined. We call the sequence (Un)n≥0 simple if t = r. The sequence
(Un)n≥0 is called degenerate if there are integers i, j with 1 ≤ i < j ≤ t such that
αi/αj is a root of unity; otherwise it is called non-degenerate. Here, we assume that
t ≥ 2, the polynomials f1(x), . . . , ft(x) are non-zero and (Un)n≥0 is non-degenerate.
If |α1| > |αj | for all j with 2 ≤ j ≤ t, then we say that α1 is a dominant root of the
sequence (Un)n≥0. The zero multiplicity of the sequence Un is the number of n ∈ Z for
which Un = 0. A classical theorem of Skolem-Mahler-Lech says that a non-degenerate
linear recurrence sequence has finite zero multiplicity.
In our first result, we compute a non-trivial upper bound for the integer sequence
(U
(k)
j )j≥1.
Theorem 1. Let (Un)n≥0 be a non-degenerate recurrence sequence of integers defined
in (2.1) and assume that
|α1| > 1 > |αj|, for j = 2, . . . , t. (2.4)
Let k be a positive integer, ǫ a positive real number and S := {p1, . . . , ps} be a finite,
non-empty set of distinct prime numbers. If gcd(p1 · · · ps, a1, · · · , ar) = 1 then, we
have
[U
(k)
j ]S <
(
U
(k)
j
)ǫ
, (2.5)
for every sufficiently large integer j.
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The assumption in equation (2.4) can be achieved from the relation (2.1) with
a1 > a2 > · · · > ar > 0 (see [2]). However, Theorem 1 is ineffective as the proof
of this depends on a general result on S-unit equations and which further rely on
the p-adic Schmidt Subspace Theorem. Therefore, we can not compute the set of
(n1, . . . , nk) for which (2.5) does not hold.
Our next theorem gives, under certain conditions, an effective finiteness result and
the main tool for this is Baker’s theory and we use an argument from [14].
Theorem 2. Let (Un)n≥0 be a non-degenerate recurrence sequence of integers of order
r ≥ 2 and has a dominant root α1 with 1 < α1 /∈ Z. Let k ≥ 1 be a positive integer
and S := {p1, . . . , ps} be a finite, non-empty set of distinct prime numbers. Then
there exist effectively computable positive numbers c1 and c2 depending (Un)n≥0 and
S, such that
[U
(k)
j ]S <
(
U
(k)
j
)1−c1
, (2.6)
for every j ≥ c2.
By proceeding in a similar line of argument as in [7], we obtain the following result.
Hence we omit the details.
Theorem 3. Let ǫ > 0 and k ≥ 1 be an integer. Then there exist an effectively
computable positive number N , depending on k and ǫ such that
P [U
(k)
j ] >
(
1
k
− ǫ
)
log logU
(k)
j
log log logU
(k)
j
log log log logU
(k)
j
for j > N. (2.7)
3. Preliminaries
Let K := Q(α1, . . . , αt) be an algebraic number field and OK be its ring of integers.
Let VK be the set of places of K. For v ∈ VK , if v is an infinite place, then
|x|v := |x|
[Kv:R]/[K:Q] for x ∈ Q, (3.1)
where as if v is a finite place lying above the prime p, then
|x|v := |x|
[Kv:Qp]/[K:Q] for x ∈ Q. (3.2)
For p ∈ VQ, we choose a normalized absolute value | · |p in the following way. If
p = ∞, then | · |p is the ordinary absolute value on Q, and if p is prime, then the
absolute value is the p-adic absolute value on Q, with |p|p = 1/p. In either case, we
have
|x|v := |NKv/Qp(x)|
1/[K:Q]
p , (3.3)
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for x ∈ K and v | p. These absolute values satisfy the product formula∏
v∈VK
|x|v = 1,
for any x ∈ K \ {0}. Moreover, if x ∈ Q, then
∏
v|∞ |x|v = |x| and
∏
v|p |x|v = |x|p
where the product is taken over all infinite places of K and all places of K lying above
the prime number p, respectively. We then define height h(x) of a non-zero x in K
by
h(x) =
∑
v∈VK
logmax{1, |x|v}. (3.4)
Let T be a finite set of places of K, containing all infinite places. Define the ring
of T -integers and T -units of K by
OT := {x ∈ K : |x|v ≤ 1 for v ∈ VK \ T} (3.5)
and
O∗T := {x ∈ K : |x|v = 1 for v ∈ VK \ T}, (3.6)
respectively. Further, we define
HT (x1, . . . , xn) :=
∏
v∈T
max{|x1|v, . . . , |xn|v} (3.7)
for x1, . . . , xn ∈ OT .
3.1. Auxiliary results. In the proof of Theorem 1, we use the following result on
S-unit equations of Petho˝ and Tichy [16].
Proposition 4. [16, Theorem 1] Let K be an algebraic number field of degree d
over Q. Let α1, . . . , αk ∈ K be multiplicatively independent of degrees m1, . . . , mk
respectively, βi,j ∈ K \ {0} for i = 1, . . . , k, j = 1, . . . , mi. Set M = m1 + · · · +mk.
Let S1 be the set of places of K (including the infinite places) having s elements such
that |αi|v = 1 for all i = 1, . . . , k and v /∈ S1. Then the Diophantine equation
k∑
ℓ=1
mℓ∑
i=1
βℓ,iα
λℓ,i
ℓ = 0 (3.8)
has at most (4sd!)2
36Md!
s6 solutions in (λ1,1, . . . , λ1,m1 , . . . , λk,1, . . . , λk,mk) such that∑
i∈J
βℓ,iα
λℓ,i
ℓ 6= 0
holds for every J ⊆ {1, . . . , mℓ}, ℓ = 1, . . . , k.
To proof Theorem 1, we use the following proposition (see [8, Theorem 2] and [9,
Proposition 6.2.1].
S-PARTS OF SUMS OF TERMS OF LINEAR RECURRENCE SEQUENCES 6
Proposition 5. Let T1 be a subset of T and t ≥ 2. Then for every ǫ > 0, there exists
a constant C, depending only on K, T, t and ǫ such that for all x1, . . . , xt ∈ OT with
every non-empty subsum of x1 + · · ·+ xt is non-zero, we have
t∏
i=1
∏
v∈T
|xi|v ·
∏
v∈T1
∣∣∣∣∣
t∑
ℓ=1
xℓ
∣∣∣∣∣
v
≥ C
(∏
v∈T1
max{|x1|v, . . . , |xt|v}
)
HT (x1, . . . , xt)
−ǫ.
Lemma 3.2. Suppose α is an algebraic number of degree t and α = α1, · · · , αt denotes
its conjugates. Assume |α1| > 1 > |α2| ≥ · · · ≥ |αt|. If t > 2 then the conjugates of α
are pairwise multiplicatively independent. If t = 2 and α1 and α2 are multiplicatively
dependent then |α1α2| = 1.
Proof. See proof of Lemma 2 in [16]. 
In the proof of Theorem 1, we also need the following result which gives informa-
tion on the characteristic roots and its coefficients appearing in the explicit forms of
recurrence sequences.
Lemma 3.3. [1] Let (Un)n≥0 be a non-degenerate recurrence sequence of order r ≥ 2
and set
γ := max
{
max
1≤i≤r
|ai|, max
0≤j≤r−1
|Uj |
}
.
(i) With the notation in (2.3), write
fi(n) = βi,0 + βi,1n+ · · ·+ βi,mi−1n
mi−1 (i = 1, . . . , t).
Then we have
max
1≤i≤t, 0≤ℓ≤mi−1
{h(αi), h(βi,ℓ)} ≤ c3.
Here c3 is an effectively computable constant depending only on γ and r.
(ii) If n ≥ 1 and fi(n) 6= 0 then
c4 ≤ |fi(n)| ≤ c5n
mi−1 (1 ≤ i ≤ t),
where c4 and c5 are effectively computable constants depending only on γ and
r.
(iii) Suppose that α1 is dominant root of the sequence (Un)n≥0. Then we have
|Un| ≤ c6n
r−1|α1|
n (n ≥ 1),
where c6 is an effectively computable constant depending only on γ and r.
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4. Proof of Theorem 1
To proof Theorem 1, we need the following lemma.
Lemma 4.1. Let (Un)n≥0 be a non-degenerate recurrence sequence of integers defined
in (2.1) and assume that |α1| > 1 > |αj | for j = 2, . . . , t. Then, there are finitely
many tuples (n1, . . . , nk) such that either
Unk + · · ·+ Un1 = 0
or ∑
h∈Jk
Unh = 0 for Jk ⊆ {1, . . . , k}.
Proof. Suppose that Unk + · · ·+ Un1 = 0. That is
k∑
i=1
t∑
j=1
fj(ni)α
ni
j =
t∑
j=1
k∑
i=1
fj(ni)α
ni
j = 0. (4.1)
Since |α1| > 1 > |αj | for j = 2, . . . , t, by Lemma 3.2 the algebraic numbers α1, · · · , αt
are multiplicatively independent. To apply Proposition 4, we need to show that αℓ
are S1-units for ℓ = 1, . . . , t.
From (2.2), the constant term of characteristic polynomial is ar. Let S1 be the
minimal set of places of K such that
∏
v∈S1
|ar|v = 1. Then s1 := |S1| ≤ d(ω(ar)+1),
where ω(ar) is the number of distinct prime divisors of ar and d is the degree of the
number field. Also, αℓ divides ar in OK for all 1 ≤ ℓ ≤ t. Thus,
∏
v∈S1
|αℓ|v = 1, i.e.,
αℓ are S1-units.
By Proposition 4 equation (4.1) has at most (4s1d!)
236ktd!s61 solutions in
(n1, . . . , nk, . . . , n1, . . . , nk) ∈ Z
kt
such that ∑
h∈Jk
fj(nh)α
nh
j 6= 0 (4.2)
holds for all Jk ⊆ {1, . . . , k}.
Assume that for Jk ⊆ {1, . . . , k}, equation (4.2) does not hold, i.e.,∑
h∈Jk
fj(nh)α
nh
j = 0. (4.3)
Let σj be an automorphism of K which sends αj to αi. Applying σj to (4.3), we get∑
h∈Jk
fi(nh)α
nh
i = 0.
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Therefore, (4.3) holds for all j = 1, . . . , t. Thus, we get∑
h∈Jk
Unh =
∑
h∈Jk
(f1(nh)α
nh
1 + · · ·+ ft(nh)α
nh
t ) = 0. (4.4)
From the above arguments, we conclude that either there are finitely many (n1, . . . , nk)
such that Unk + · · ·+ Un1 = 0 or
∑
h∈Jk
Unh = 0 for Jk ⊆ {1, . . . , k}. 
4.2. Proof of Theorem 1. Let S1 be the set of places of K as in the proof of
Lemma 4.1 and S2 be any subset of S1. Choose a real number ǫ
′ > 0 which will
be later taken sufficiently small in terms of ǫ. In the proof c7, . . . , c16 denote posi-
tive effective constants depending on ǫ,K, S1, (Un)n≥0, S. Further, we introduce the
following notation. Put
A := max{|α1|, . . . , |αt|}, Ap := max{|α1|p, . . . , |αt|p}
for p ∈ S and
Av := max{|α1|v, . . . , |αt|v}
for v ∈ VK . Then by our choice of the absolute values on K, we have∏
v|∞
Av = A,
∏
v|p
Av = Ap, for p ∈ S.
Our first claim is each subsum of
Unk + · · ·+ Un1 =
t∑
j=1
fj(nk)α
nk
j + · · ·+
t∑
j=1
fj(n1)α
n1
j (4.5)
is non-zero except for finitely many choices of (n1, . . . , nk). Suppose that each Unℓ = 0
for ℓ = 1, . . . , k. Since (Un)n≥0 is a non-degenerate linear recurrence sequence, by
Skolem-Mahler-Lech Theorem, there are only finitely many non-negative integers nℓ
for which at least one of the subsums of Unℓ vanishes.
For a given partition P of the set {1, . . . , k}, suppose we have the following system
of equations ∑
i∈λ
Uni = 0 (λ ∈ P ), (4.6)
with cardinality of λ ≥ 2. Consider those solutions of (4.6) which do not satisfy
any further refinement of the partition P . Then by Lemma 4.1 we conclude that
each equation in (4.6) has finitely many solutions. Since number of partitions P of
{1, . . . , k} is bounded in terms of k, the claim is valid. For the remaining positive
integer tuples (n1, . . . , nk) by applying Proposition 5, we have,
k∏
i=1
∏
v∈S1
|Uni |v·
∏
v∈S2
|Unk+· · ·+Un1 |v ≥ c7

∏
v∈S2
max
1≤i≤k
1≤j≤t
|fj(ni)α
ni
j |v



∏
v∈S1
max
1≤i≤k
1≤j≤t
|fj(ni)α
ni
j |v


−ǫ′/2
.
(4.7)
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Since α1 is dominant root of the sequence (Un), by Lemma 3.3(iii) the left hand side
of the inequality (4.7) is
≤ c8
k∏
i=1
∏
v∈S1
∣∣nr−1i ∣∣v |α1|niv · ∏
v∈S2
|Unk + · · ·+ Un1 |v
≤ c9n
k(r−1)
k ·
∏
v∈S2
|Unk + · · ·+ Un1 |v,
where we have used
∏
v∈S1
|αi|v = 1 for i = 1, . . . , k and nk > · · · > n1. By Lemma
3.3(ii) the right hand side of the inequality (4.7) is
≥ c10

∏
v∈S2
max
1≤i≤k
1≤j≤t
|αnij |v



∏
v∈S1
max
1≤i≤k
1≤j≤t
|αnij |v


−ǫ′/2
≥ c11
(∏
v∈S2
Av
)nk (∏
v∈S1
Av
)−nkǫ′/2
≥ c12
(∏
v∈S2
Av
)nk
· A−nkǫ
′/2.
Hence, we conclude
∏
v∈S2
|Unk + · · ·+ Un1|v ≥ c13n
−k(r−1)
k ·
(∏
v∈S2
Av
)nk
· A−nkǫ
′/2. (4.8)
Further, we estimate an trivial upper bound
∏
v∈S2
|Unk + · · ·+ Un1 |v ≤
∏
v∈S2
max
1≤i≤k
|Uni|v ≤ c14n
k(r−1)
k ·
(∏
v∈S2
Av
)nk
. (4.9)
Thus from (4.8) and (4.9)
c15
(∏
v∈S2
Av
)nk
· A−nkǫ
′/2 ≤
∏
v∈S2
|Unk + · · ·+ Un1 |v ≤ c16n
k(r−1)
k ·
(∏
v∈S2
Av
)nk
.
Since A > 1, for sufficiently large nk we have(∏
v∈S2
Av
)nk
·A−nkǫ
′
≤
∏
v∈S2
|Unk + · · ·+ Un1|v ≤
(∏
v∈S2
Av
)nk
· Ankǫ
′
(4.10)
Now we consider two cases. In the first case, suppose that S2 has only infinite places
of K, then for sufficiently large nk, we have
Ank(1−ǫ
′) ≤ |Unk + · · ·+ Un1 | ≤ A
nk(1+ǫ
′). (4.11)
In the other case, if S2 consists the places of K lying above the primes in S, then∏
v∈S2
|Unk + · · ·+ Un1|v =
∏
p∈S
[Unk + · · ·+ Un1 ]
−1
S , and
∏
v∈S2
Av =
∏
p∈S
Ap = A
−δ
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where δ := −
∑
p∈S logmax{|α1|p,...,|αt|p}
logmax{|α1|,...,|αt|}
. Hence,
Ank(δ−ǫ
′) ≤ [Unk + · · ·+ Un1 ]S ≤ A
nk(δ+ǫ
′),
and by taking ǫ′ sufficiently small interms of ǫ, we have
[U
(k)
j ]S ≤ (U
(k)
j )
(δ+ǫ). (4.12)
Suppose that δ > 0. Then there is a prime number p ∈ S such that maxi |αi|p < 1.
Again since a1, . . . , ak are the elementary symmetric functions in αi up to sign, we
have |ai|p < 1 for i = 1, . . . , k. This is not true as gcd(p1 · · · ps, a1, · · · , ar) = 1. Thus,
δ = 0. This completes the proof of Theorem 1. 
5. Proof of Theorem 2
To prove Theorem 2, we need the following results. First one is a Baker-type result
of Matveev [13, Theorem 2.2]. Further, in the proof of Lemma 5.2 and Theorem
2, c20, c21, . . . , c41 denote effectively computable positive constants and depending on
ǫ, (Un)n≥0, S,K and the constants C1, C2, . . . , C8 are absolute, positive and effectively
computable, .
Proposition 6 ([13]). For any integer m ≥ 2, let γ1, . . . , γm be non-zero algebraic
numbers and let b1, . . . , bm be rational integers. Let D be the degree of the number
field Q(γ1, . . . , γm) over Q. Let A1, . . . , Am be real numbers with
logAj ≥ max
{
h(γj),
| log γj|
D
,
0.16
D
}
, (j = 1, . . . , m) (5.1)
where h(γ) denotes the absolute logarithmic height of γ and set
B = max
{
1,
{
|bj|
logAj
logAm
: 1 ≤ j ≤ m
}}
.
Consider the linear form
Λ := γb11 · · ·γ
bm
m − 1
and assume that Λ 6= 0. Then,
log |Λ| ≥ −4 × 30m+4 × (m+ 1)5.5 ×Dm+2 log(eD) log(eB) logA1 · · · logAm.
Lemma 5.1. Suppose α is an algebraic number of degree t and α = α1, · · · , αt denotes
its conjugates and fi(x)’s are defined as in (2.3). Suppose
Λi :=M
(
s∏
j=1
p
rj
j
)
(f1(nk))
−1α−nk1
(
1 +
f1(nk−1)
f1(nk)
α
nk−1−nk
1 + · · ·+
f1(ni)
f1(nk)
αni−nk1
)−1
−1
for all 1 ≤ i ≤ k − 1 and 1 < α1 /∈ Z. If Λi = 0, then
nk <
{
c18 lognk
logα1
if |αm| ≤ 1
c19 lognk
log(α1/|αm|)
if |αm| > 1,
(5.2)
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where c18 and c19 are effectively computable constants depending on α.
Proof. Now Λi = 0 imply
M
(
s∏
j=1
p
rj
j
)
= f1(nk)α
nk
1 + · · ·+ f1(ni)α
ni
1 . (5.3)
Since α1 /∈ Z, then there exists a conjugate αm of α1 in the field Q(α1, . . . , αt) such
that α1 6= αm. Therefore, on taking the m-th conjugate of both sides of (5.3), we get
M
(
s∏
j=1
p
rj
j
)
= fm(nk)α
nk
m + · · ·+ fm(ni)α
ni
m . (5.4)
Since α1 > 1 and by comparing (5.3) and (5.4),
|f1(nk)|α
nk
1 < |f1(nk)α
nk
1 + · · ·+ f1(ni)α
ni
1 | = |fm(nk)α
nk
m + · · ·+ fm(ni)α
ni
m |.
By Lemma 3.3(ii) we obtain,
αnk1 < c17
k∑
j=i
n
mj−1
j |αm|
nk . (5.5)
Then from (5.5), we have
nk <
{
c18 lognk
logα1
if |αm| ≤ 1
c19 lognk
log(α1/|αm|)
if |αm| > 1,
where c18 and c19 are effectively computable constants depending on α. 
Lemma 5.2. Let (Un)n≥0 be a non-degenerate recurrence sequence of integers of order
r ≥ 2. Suppose that (Un)n≥0 has a dominant root (say) α1 and 1 < α1 /∈ Z. Let k ≥ 1
be a positive integer and p1, . . . , ps be prime numbers such that pi ∤M . If
Unk + · · ·+ Un1 = p
r1
1 · · · q
rs
s ·M (5.6)
with nk > · · · > n1, then
nk < (c35C
s
7Qk log(kQ))
k (logA).
Proof. From Lemma 5.1, we may assume nk > ℓ. Rewrite (5.6) as
M · pr11 · · · p
rs
s − f1(nk)α
nk
1 =
t∑
i=2
fi(nk)α
nk
i +
k−1∑
j=1
Unj .
Without loss of generality, we assume |α2| ≥ · · · ≥ |αt|. By Lemma 3.3, the above
equation becomes
|M · pr11 · · · p
rs
s − f1(nk)α
nk
1 | < c20n
r−1
k |α2|
nk + c21(k − 1)n
r−1
k α
nk−1
1 . (5.7)
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Dividing both sides of (5.7) by |f1(nk)α
nk
1 |, we have
|M · pr11 · · · p
rs
s f1(nk)
−1α−nk1 − 1| ≤ c22n
r
kα
nk−1−nk
1 . (5.8)
Thus, from (5.8), we have
log |Λ1| < −c23(nk − nk−1) lognk, (5.9)
where
Λ1 :=
(
s∏
j=1
p
rj
j
)
α−nk1
(
Mf1(nk)
−1
)
− 1,
is our first linear form. By Lemma 5.1, Λ1 is non-zero as nk > ℓ. Hence, we can
apply Proposition 6 to Λ1 with D ≤ r
t, m = s+2, γj = pj, (1 ≤ j ≤ s), γs+1 = α1 and
γs+2 = (Mf1(nk)
−1). Set
Q :=
s∏
i=1
log pi, logA := max{h(Mf1(nk)
−1), 2}. (5.10)
Using equation (5.6) and Lemma 3.3, one can show that rj log pj ≤ (nk + 1) logα1.
Thus, we may choose B = c24nk/ logA. By applying Proposition 6 with the above
parameters we obtain that
log |Λ1| > −c25C
s
1Q(logA) log
(
nk
logA
)
. (5.11)
Thus, from (5.9) and (5.11), we get
nk − nk−1 ≤ c26C
s
2Q(logA) log
(
nk
logA
)
. (5.12)
Proceeding in this similar way, for i = 2, . . . , k − 1, we have
M ·pr11 · · · p
rs
s −
(
k∑
j=i
f1(nj)α
nj
1
)
=
k∑
j=i
t∑
ℓ=2
fℓ(nj)α
nj
ℓ +
i−1∑
j=1
Unj .
This implies that
Λi :=
∣∣∣∣∣M
(
s∏
j=1
p
rj
j
)
f1(nk)
−1α−nk1
(
1 +
f1(nk−1)
f1(nk)
α
nk−1−nk
1 + · · ·+
f1(ni)
f1(nk)
αni−nk1
)−1
− 1
∣∣∣∣∣
=
∣∣∣∣∣∣
(
s∏
j=1
p
rj
j
)
Mf1(nk)
−1(
1 + f1(nk−1)
f1(nk)
α
nk−1−nk
1 + · · ·+
f1(ni)
f1(nk)
αni−nk1
)α−nk1 − 1
∣∣∣∣∣∣
≤ c27(k − i)n
r
kα
ni−1−nk
1
and hence
log |Λi| ≤ −c28(nk − ni−1) lognk. (5.13)
By Lemma 5.1, Λi is non-zero. By Proposition 6, we get
log |Λi| ≥ −c29C
s
3Q(logA+ |nk − ni|) log
nk
logA + nk − ni
. (5.14)
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From, (5.13) and (5.14), we have
nk − ni−1 + logA ≤ c30C
s
3Q(logA+ |nk − ni|) log
nk
logA+ nk − ni
.
As a consequence, we have
nk − n1 ≤ nk − n1 + logA ≤ c30C
s
3Q(logA+ |nk − n2|) log
nk
logA
. (5.15)
and for i = 3, . . . , k − 1, we get
nk − ni−1 + logA ≤ c30C
s
3Q(logA + |nk − ni|) log
nk
logA
. (5.16)
Thus from (5.12), (5.15) and (5.16), we get,
nk − n1 ≤ (c31C
s
4Q)
k−1 (logA)
(
log
nk
logA
)k−1
. (5.17)
Finally, we want to compute the upper bound of nk. Note that
M ·pr11 · · · p
rs
s −
(
k∑
j=1
f1(nj)α
nj
1
)
=
k∑
j=1
t∑
ℓ=2
fℓ(nj)α
nj
ℓ .
We consider the following linear form
Λk :=
∣∣∣∣∣M
(
s∏
j=1
p
rj
j
)
f1(nk)
−1α−nk1
(
1 +
f1(nk−1)
f1(nk)
α
nk−1−nk
1 + · · ·+
f1(n1)
f1(nk)
αn1−nk1
)−1
− 1
∣∣∣∣∣
≤ c32n
r
k(|α2|/α1)
nk .
By Lemma 5.1, Λk is non-zero. By Proposition 6, we get
log |Λk| ≥ −c33C
s
5Q (nk − n1)
(
log
nk
logA
)
. (5.18)
Comparing the lower and upper bound of log |Λk| and using the upper bound for
nk − n1, we obtain
nk ≤ (c34C
s
6Q)
k (logA)
(
log
nk
logA
)k
.
Since X ≤ Y logX implies X ≤ 2Y log Y for all real number X, Y ≥ 3, we have
nk < (c35C
s
7Qk log(kQ))
k (logA). (5.19)
This completes the proof of lemma. 
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5.3. Proof of Theorem 2. From equation (5.10),
logA ≤ log |M | + c36 log nk.
If |M | < nc36k , then logA ≤ 2c36 log nk. By Lemma 5.2
nk < (c37C
s
7Qk log(kQ))
k (lognk)
and this implies
nk ≤
(
c38C
s
8Qk log(kQ)
2
)
.
Now assume that |M | > nc36k , then A ≤M
2. From Lemma 5.2 we get
nk < (c39C
s
7Qk log(kQ))
k (log |M |).
Further,
U
(k)
j
[U
(k)
j ]S
= M ≥ 2c40nk(C
s
8
Qk log(kQ))−k ≥ (U
(k)
j )
c41(Cs8Qk log(kQ))
−k
,
and this implies
[U
(k)
j ]S <
(
U
(k)
j
)1−c41(Cs8Qk log(kQ))−k
.
This completes the proof of Theorem 2.
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